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Section 4.1.5 – Transition Matrices 
  
VCAA “Dot Points” 
 
Transition matrices, including: 
•  use of the matrix recurrence relation: S0 = initial state matrix, Sn+1 = TSn where T is a transition 

matrix and Sn is a column state matrix, to generate a sequence of state matrices, including in 
the case of regular transition matrices an informal identification of the equilibrium state matrix 
(recognised by no noticeable change from one state matrix to the next) 

 

•  use of transition diagrams, their associated transition matrices and state matrices to model the 
transitions between states in discrete dynamical situations and their application to model and 
analyse practical situations such as the modelling and analysis of an insect population 
comprising eggs, juveniles and adults 
 

•  use of the matrix recurrence relation S0 = initial state matrix, Sn+1 = TSn + B to extend the 
modelling to populations that include culling and restocking. 

 
 

Transition Systems 
Transition systems were created by Andrei Markov, a Russian mathematician during the 19th 
century. 
 
A transition system can be used to represent the manner in which states change from one state to 
the next.  For example a transition system can be used to represent the chance of rain or a dry day, 
given yesterday's weather.  
  
Example 1 
Consider the following statement for Traralgon's weather in spring:  
 
"Long run data suggests that there is a 70% change that if today is dry, then tomorrow will also be 
dry.  Also, if today is wet, there is an 80% chance that tomorrow will also be wet." 
  
Task.1 Represent this data in a transition table and a transition diagram. 
  

Transition Table      Transition Diagram 
 
 

 Transition FROM 
 
Transition TO 

 Wet Dry 
Wet 0.8 0.3 
Dry 0.2 0.7 

 
 
NB:  If the chance of a wet day tomorrow given it is a wet day today is 80%, then the chance of a 

dry day tomorrow must be 20% (ie. 80% + 20% = 100%). 
 

Likewise, if the chance of a dry day tomorrow given it is a dry day today is 70%, then the 
chance of a wet day tomorrow must be 30% (ie. 70% + 30% = 100%). 

  

  Probabilities must add to 1 (as a decimal) or 100 (as a percentage). 

Wet Dry 
0.8 

0.2 

0.7 

0.3 
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Yet another way to summarise or represent the original statement, transition table and the 
transition diagram is to use a Transition matrices (T). 
 
Task.2 Represent this data in a transition matrix (T) 
The transition matrix (T) for the above example would be: 
 

T = �. 80 . 30
. 20 . 70� 

 
Let’s consider some other examples. 
  
Example 2 
A car rental company has two branches, one in Traralgon and one in Melbourne. 20% of the cars 
rented in Traralgon are returned to Melbourne. 10% of the cars rented in Melbourne are returned 
to Traralgon. 
  
Task.1 Construct a transition matrix (T) for the above scenario. 
  

  From 
  Traralgon Melbourne 

 

To Traralgon  0.1 
Melbourne 0.2  

 
  

T = �. 80 . 10
. 20 . 90� NB: Columns in a transition matrix must add to 1, ie. a 100% probability  

  
The initial state matrix (S0) contains the starting information for the changing situation. 
  
Initially there are 50 cars at each branch in the above scenario. 
  
Task.2 Construct the initial state matrix (So) for the car rental example above. 
  

So = �50
50� 

  
The state of the situation at any time is given by:  
  
Sn = Tn x So    where n is the number of time periods (ie. days, months, years etc.) 
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Task.3 If the cars are rented out for a week at a time, how many cars are at each branch at the 
end of the first four weeks? 
  

 S4 = T4 x SO 
  

S4 = �. 80 . 10
. 20 . 90�

4
× �50

50� 
  

S4 = �37.3
62.7� 

  
Therefore, after 4 weeks approx. 37 cars will located at Traralgon and 63 cars located at Melbourne.  
 
The steady state matrix, is the final state of the situation, it is found when n is a very large number 
and the situation is no longer changing.  
  
Task.4 How many cars are at each branch at the end of 50 weeks? 
  
S50 = T50 x SO 

  

S50 = �. 80 . 10
. 20 . 90�

50
× �50

50� 
  

S50 = �33.3
66.7� 

  
Task.5 To check if this is the steady state matrix repeat task 4 at the end of 51 weeks. 
 
S51 = T51 x SO 

  

S51 = �. 80 . 10
. 20 . 90�

51
× �50

50� 
  

S51 = �33.3
66.7� 

  
As S50 = S51 we have indeed reached a steady state matrix.  
Therefore, long term it is expected that approx. 33 cars will be located at Traralgon and 67 cars 
located at Melbourne.  
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Example 3 

Each year Collingwood and Essendon play in the ANZAC day match. The probability that 
Collingwood will win is 0.5, if they won the previous year. The probability that Essendon will win is 
0.72, if they won the year before. 
  
Task.1    Represent this information in a transition matrix 
 

  Who won previous year 
  Collingwood Essendon 

 

Win this year Collingwood 0.5  
Essendon  0.72 

 

T = �. 5 . 28
. 5 . 72�  NB: Columns in a transition matrix must add to 1, ie. a 100% probability 

  
  
Task.2  If Collingwood lost this year, find the probability that they will win in three years’ time. 
  
S3 = T3 x SO 

  

S3 = �. 5 . 28
. 5 . 72�

3
× �01� 

  

S3 = �. 36
. 64� 

  
There is a 36% change that Collingwood will win in three years. 
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Example 4 
In Melbourne there are two major daily newspapers, The Age and the Herald Sun. Readers are fairly 
loyal to the newspaper they intend to buy. Records in a particular country town have shown that of 
the people who purchase a newspaper every day, 90% of people who buy The Age on one day will 
buy it the next day and 80% of people who buy the Herald Sun on one day will buy it the next day. 
 
Task.1     Construct a transition table  

Construct a transition diagram 
 Construct a transition matrix (T) 

 
 
Transition table 

  Paper bought on the 1st day 
  Age Herald-Sun 
Paper bought 
the next day 

Age 0.9 0.2 
Herald-Sun 0.1 0.8 

  
NB:  The columns in a transition matrix must add to one. 
 Probabilities are recorded in decimals 
 
Transition diagram 

 
 
Transition matrix (T) 

T = �0.9 0.2
0.1 0.8� 
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In the example above suppose that on a certain day 600 copies of The Age are sold and 1000 copies 
of the Herald Sun are sold.  
 
Task.2     Construct a 2 x 1 initial state matrix (S0)  
 

S0 = � 600
1000� 

 
Task.3     Use this information to predict the number of copies of each paper that will be sold on 

the next three days. So papers sold on the first day are: 
 

S1 = TS0 = �0.9 0.2
0.1 0.8� �

600
1000� 

 

                = �0.9 × 600 + 0.2 × 1000
0.1 × 600 + 0.8 × 1000� 

 

                = �540 + 200
60 + 800 � 

 

    = �740
860� 

 
On the next day it is predicted that 740 copies of The Age will be sold and 860 copies of the Herald 
Sun will be sold. Notice that 740 + 860 will total 1600. This agrees with the initial total of newspapers 
sold.  
 
The number of newspapers sold on the second day is can be predicted to be: 
 

S2 = TS1 = �0.9 0.2
0.1 0.8� �

740
860� 

 

                = �0.9 × 740 + 0.2 × 860
0.1 × 740 + 0.8 × 860� 

 

                = �666 + 172
74 + 688 � 

 

    = �838
762� 

 
Again check that 838 +762 = 1600. 
 
  

The Age 

The Herald-Sun 
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On the second day it is predicted that 838 copies of The Age will be sold and 762 copies of the 
Herald Sun will be sold. 
Similarly on the third day the predicted number of each type of newspaper sold is given by: 
 

S3 = TS2 = �0.9 0.2
0.1 0.8� �

838
762� 

 

                = �0.9 × 838 + 0.2 × 762
0.1 × 838 + 0.8 × 762� 

 

                = �754.2 + 152.4
83.8 + 609.6 � 

 

    = �906.6
693.4� 

 
Again check that 906.6 + 693.4 = 1600. 
 
On the third day it is predicted that 907 copies of The Age will be sold and 693 copies of the Herald 
Sun will be sold. 
 
NB: A more direct way of finding a future state, say sales on the fourth day S4, is to calculate T4S0 
 

Using the calculator S4 = T4S0 = �0.9 0.2
0.1 0.8�

4
� 600
1000� = �954.6

645.4� 
 
On the fourth day 955 copies of The Age will be sold and 645 copies of the Herald Sun will be sold. 
 
Task.4     Find the steady state by finding the number of each type of newspaper sold on the 50th 

and the 51st day:  
 

S50 = T50S0 = �0.9 0.2
0.1 0.8�

50
� 600
1000� = �1066.67

533.33 � 
 

S51 = T51S0 = �0.9 0.2
0.1 0.8�

51
� 600
1000� = �1066.67

533.33 � 
 
Since the number of newspapers is the same for day 50 and day 51, the steady state has been 
reached. 
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New State Matrix with “culling” and “restocking” 
In a traditional or standard transition matrix the transition from one state to the next, or indeed 
other future states, occurs according to fixed probabilities.  Accordingly, you are able to make a 
future prediction based upon a known fixed transition matrix (T) and a known time period (n). 
 
Example 5 
Blue Lake and Green Lake are two small lakes connected by a channel.  This enables fish to move 
between the two lakes on a daily basis.  Research has shown that each day: 
 

• 67% of fish in Blue Lake stay in Blue Lake 
• 33% of fish in Blue Lake move to Green Lake 
• 72% of fish in Green Lake stay in Green Lake 
• 28% of fish in Green Lake move to Blue Lake 

 
 Task.1 Construct a transition matrix (T) 
 

  From 
  Blue Green 
To Blue 0.67 0.28 

Green 0.33 0.72 
 
Today there are currently 4000 fish in Blue Lake and 6000 fish in Green Lake. 
 
Task.2 Construct an initial state matrix (S0) from this information 
 

S0 = �4000
6000�  

 
Task.3 How many fish do you expect to be in each lake in three days’ time? 
 
S3 = T3S0 
 

S3 = �0.67 0.28
0.33 0.72�

3
�4000
6000� 

    

    = �4555.2
5444.8�  

 
∴ approximately 4555 fish in Blue Lake and approximately 5445 fish in Green Lake in three days time. 
 
Task.4 In the long term, how many fish do you expect to be in each lake? 
 

S50 = �0.67 0.28
0.33 0.72�

50
�4000
6000� = �4590.2

5409.8�  
 

S51 = �0.67 0.28
0.33 0.72�

51
�4000
6000� = �4590.2

5409.8�  
 
As the number of fish are the same after the 50th and the 51st day, we have reached a steady state 
of approximately 4590 fish in Blue Lake and 5410 fish in Green Lake. 
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Now let’s consider the impact that adding (restocking) or removing (culling) fish from either lake 
has upon the fish numbers. 
 
In an attempt to balance out the fish numbers in both lakes, the fisheries department decides to 
take 50 fish from Green Lake and transfer them to Blue Lake each day.   
 
Task.5 Using this new scenario determine the number of fish in each lake after three days. 
 
1 day later 

S1 = TS0 + � 50
−50� 

 

    = �0.67 0.28
0.33 0.72� �

4000
6000� + � 50

−50�  
 

    = �4410
5590�  ∴ 4410 fish in Bluer Lake and 5590 fish in Green Lake. 

 
 
2 days later 

S2 = TS1 + � 50
−50� 

 

    = �0.67 0.28
0.33 0.72� �

4410
5590� + � 50

−50�  
 

    = �4569.9
5430.1�  ∴ 4569.9 fish in Bluer Lake and 5430.1 fish in Green Lake. 

 
 
3 days later 

S3 = TS2 + � 50
−50� 

 

    = �0.67 0.28
0.33 0.72� �

4569.9
5430.1� + � 50

−50�  
 

    = �4569.9
5430.1� ∴ 4569.9 fish in Bluer Lake and 5430.1 fish in Green Lake. 

 
So three days later, there would be approximately 4570 fish in Blue Lake and 5430 fish in Green 
Lake. 
 
NB:  When the matrix equation requires either stocking or culling, one needs to calculate each 

and every transition individually, much like using a recursion relation in Financial Arithmetic. 
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Exam Styled Questions – Multiple Choice 
 
Question 1  
 (2017 Exam 1, Module 1, Qn 7) 
At a fish farm:  
• young fish (Y) may eventually grow into juveniles (J) or they may die (D)  
• juveniles (J) may eventually grow into adults (A) or they may die (D)  
• adults (A) eventually die (D).  
The initial state of this population, F0 , is shown below. 

 
Every month, fish are either sold or bought so that the number of young, juvenile and adult fish in 
the farm remains constant. The population of fish in the fish farm after n months, Fn , can be 
determined by the recurrence rule 
 

 
where B is a column matrix that shows the number of young, juvenile and adult fish bought or sold 
each month and the number of dead fish that are removed. Each month, the fish farm will  
 
A. sell 1650 adult fish.  
B. buy 1750 adult fish.  
C. sell 17500 young fish.  
D. buy 50 000 young fish.  
E. buy 10000 juvenile fish 

 
 
 
 
𝐹𝐹1 = 𝑇𝑇𝐹𝐹0 + 𝐵𝐵 
 

𝐹𝐹1 = �

0.65 0 0 0
0.25 0.75 0 0

0 0.20 0.95 0
0.10 0.05 0.05 1

� �

50000
10000
7000

0

� + 𝐵𝐵 

 

𝐹𝐹1 = �

32500
20000
8650
5850

� + 𝐵𝐵 

 
 

A 

To keep the number of youth fish @ 50,000: need to buy 1,7500 
To keep the number of juvenile fish @ 10,000: need to sell 10,000 
To keep the number of adult fish @ 7,000: need to sell 16500 
 
∴ Option A 
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Question 2  
(2017 Exam 1, Module 1, Qn 8) 
Consider the matrix recurrence relation below. 

 
Matrix T is a regular transition matrix.  

Given the above and that 𝑆𝑆1 = �
29
13
33
�, which one of the following expressions is not true? 

  
A. W > Z  
B. Y > X  
C. V > Y  
D. V + W + Z = 1  
E. X + Y + Z > 1 

 
 
 
 
The total of each column in the transition matrix must add to 1 (ie. A probability of 100%) 
 
Column 1: 0.3 + 0.2 + 𝑋𝑋 = 1.0, ∴ 𝑋𝑋 = 0.5 
Column 2: 0.2 + 0.2 + 𝑌𝑌 = 1.0,∴ 𝑌𝑌 = 0.6 
Column 3: 𝑉𝑉 + 𝑊𝑊 + 𝑍𝑍 = 1.0 
 
𝑆𝑆1 = 𝑇𝑇𝑆𝑆0 
 

�
29
13
33
� = �

0.3 0.2 𝑉𝑉
0.2 0.2 𝑊𝑊
𝑋𝑋 𝑌𝑌 𝑍𝑍

� �
40
15
20
� 

 
Expanding the matrix equation gives the following: 
 
(40 × 0.3) + (15 × 0.2) + (20 × 𝑉𝑉) = 29, ∴ 𝑉𝑉 = 0.7  
(40 × 0.2) + (15 × 0.2) + (20 × 𝑊𝑊) = 13,∴ 𝑊𝑊 = 0.1  
(40 × 0.5) + (15 × 0.6) + (20 × 𝑍𝑍) = 33, ∴ 𝑍𝑍 = 0.2  
 
Option A. 𝑊𝑊 > 𝑍𝑍 is not true. 
 
∴ Option A 
 
  

A 
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Question 3  
(2016 Exam 1, Module 1, Qn 6) 
 
Families in a country town were asked about their annual holidays. Every year, these families 
choose between staying at home (H), travelling (T) and camping (C).  
The transition diagram below shows the way families in the town change their holiday preferences 
from year to year. 
 

 
A transition matrix that provides the same information as the transition diagram is 

 
 
 
 
 
Option B is the only transition matrix that displays the same information as the transition diagram.  
 
∴ Option B  

B 
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Question 4  
(2016 Exam 1, Module 1, Qn 7) 
 
Each week, the 300 students at a primary school choose art (A), music (M) or sport (S) as an 
afternoon activity.  
The transition matrix below shows how the students’ choices change from week to week. 

 
Based on the information above, it can be concluded that, in the long term  
 
A. no student will choose sport.  
B. all students will choose to stay in the same activity each week.  
C. all students will have chosen to change their activity at least once.  
D. more students will choose to do music than sport.  
E. the number of students choosing to do art and music will be the same 

 
 
 
 
𝑆𝑆𝑛𝑛 = 𝑇𝑇𝑛𝑛𝑆𝑆0 

Whilst we are not actually given the initial state matrix (𝑆𝑆0), we can start with 𝑆𝑆0 = �
100
100
100

� for the 

purpose of comparison in order to answer the question. 
 
Take n = 50 for a long term scenario 
 

∴ 𝑆𝑆50 = �
0.5 0.4 0.1
0.3 0.4 0.4
0.2 0.2 0.5

�
50

�
100
100
100

� ≈ �
105
110
86

� 

 
So long term, more students will chose to do music (110) than sport (86). 
 
∴ Option D 
  

D 
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Question 5  
(2015 Exam 1, Module 1, Qn 5) 
Wendy buys one type of flower each day.  
She chooses from tulips (T), roses (R), carnations (C), irises (I) and daisies (D).  
The type of flower she buys on one day depends on the type of flower she bought the previous day, 
according to a transition matrix.  
Today, Wendy bought tulips.  
The transition matrix that, starting tomorrow, ensures Wendy buys flowers in alphabetical order  
(C, D, I, R, T ) is 
 

 
 
 
 
Option D is the only transition matrix that displays the same information as the above description.  
 
∴ Option D   

D 
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Question 6  
(2015 Exam 1, Module 1, Qn 9) 
 
A fast-food stand at the football sells pies (P) and chips (C).  
Each week, 300 customers regularly buy either a pie or chips, but not both, from this stand.  
For the first five weeks, the customers’ choice of pie or chips is expected to change weekly according 
to the transition matrix T1, where 
 

 
After the first five weeks, due to expected cold weather, the customers’ choice of pie or chips is 
expected to change weekly according to the transition matrix T2, where 
 

 
In week 1, 150 customers bought a pie and 150 customers bought chips.  
Let S1 be the state matrix for week 1.  
The number of customers expected to buy a pie or chips in week 8 can be found by evaluating  
 
A. 𝑇𝑇27𝑆𝑆1 
B. 𝑇𝑇18𝑆𝑆1 
C. 𝑇𝑇23(𝑇𝑇1

4𝑆𝑆1) 
D. 𝑇𝑇13(𝑇𝑇2

4𝑆𝑆1) 
E. 𝑇𝑇13(𝑇𝑇2

5𝑆𝑆1) 
 
 
 
 
Sales after the first 5 weeks will be: 
𝑆𝑆5 = 𝑇𝑇1𝟒𝟒𝑆𝑆1 (Week 1 → Week 2 → Week 3 → Week 4 → Week 5, represent 4 transitions) 
 
Sales for week 8 will be: 
𝑆𝑆8 = 𝑇𝑇2𝟑𝟑𝑆𝑆5 (Week 5 → Week 6 → Week 7 → Week 8, represent 3 transitions) 
 
Substitute the 1st statement into the 2nd statement gives us: 
𝑆𝑆8 = 𝑇𝑇23(𝑇𝑇14𝑆𝑆1) 
 
∴ Option C 
  

C 
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Question 7 
(2014 Exam 1, Module 1, Qn 3) 
Regular customers at a hairdressing salon can choose to have their hair cut by Shirley, Jen or Narj. 
The salon has 600 regular customers who get their hair cut each month.  
In June, 200 customers chose Shirley (S) to cut their hair, 200 chose Jen (J) to cut their hair and 200 
chose Narj (N) to cut their hair.  
The regular customers’ choice of hairdresser is expected to change from month to month as shown 
in the transition matrix, T, below 
 

 
 
In the long term, the number of regular customers who are expected to choose Shirley is closest to  
 
A. 150  
B. 170  
C. 185  
D. 195  
E. 200 

 
 
 
 

�
0.75 0.10 0.10
0.10 0.75 0.15
0.15 0.15 0.75

�
50

�
200
200
200

� ≈ �
171
204
225

� 

 
So, long term Shirley’s customers will be closest to 170. 
 
∴ Option B 
  

B 
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Question 8  
(2014 Exam 1, Module 1, Qn 4) 
Two hundred and fifty people buy bread each day from a corner store. They have a choice of two 
brands of bread: Megaslice (M) and Superloaf (S).  
The customers’ choice of brand changes daily according to the transition diagram below. 
 

 
On a given day, 100 of these people bought Megaslice bread while the remaining 150 people 
bought Superloaf bread.  
 
The number of people who are expected to buy each brand of bread the next day is found by 
evaluating the matrix product 
 

 
 
 
 
Transition table 

  Bread bought today 
  Megaslice Superloaf 
Bread bought 
tomorrow 

Megaslice 0.6 0.35 
Superloaf 0.4 0.65 

 
Transition matrix (T) 

T = �0.6 0.35
0.4 0.65� 

 

�0.6 0.35
0.4 0.65� �

100
150� ∴ Option C 

 

C 
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Question 9 
(2014 Exam 1, Module 1, Qn 7) 
A transition matrix, T, and a state matrix, S2 , are defined as follows 

 
If S2 = TS1, the state matrix S1 is 
 

 
 
 
 
S2 = TS1 is of the form A=BX, ∴ X=B-1A 
 
So, S1=T-1S2 

∴ 𝑆𝑆1 = �
. 5 0 . 5
. 5 . 5 0
0 . 5 . 5

�
−1

�
300
200
100

� = �
400

0
200

�  

 
∴ Option D  

D 
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Question 10  
(2014 Exam 1, Module 1, Qn 8) 
Wendy will have lunch with one of her friends each day of this week.  
Her friends are Angela (A), Betty (B), Craig (C), Daniel (D) and Edgar (E).  
On Monday, Wendy will have lunch with Craig.  
Wendy will use the transition matrix below to choose a friend to have lunch with for the next four 
days of the week. 
 

 
 

The order in which Wendy has lunch with her friends for the next four days is  
 
A. Angela, Betty, Craig, Daniel  
B. Daniel, Betty, Angela, Craig  
C. Daniel, Betty, Angela, Edgar  
D. Edgar, Angela, Daniel, Betty  
E. Edgar, Daniel, Betty, Angela 

 
 
 
Option E is the only description that follows the order set out in the transition matrix.  
 
∴ Option E  

E 
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Question 11 
(2013 Exam 1, Module 1, Qn 3) 
A coffee shop sells three types of coffee, Brazilian (B), Italian (I) and Kenyan (K). The regular 
customers buy one cup of coffee each per day and choose the type of coffee they buy according to 
the following transition matrix, T 
 

 
On a particular day, 84 customers bought Brazilian coffee, 96 bought Italian coffee and 81 bought 
Kenyan coffee.  
 
If these same customers continue to buy one cup of coffee each per day, the number of these 
customers who are expected to buy each of the three types of coffee in the long term is  
 
A. B. C. 
Brazilian 85 Brazilian 87 Brazilian 88 
Italian 85 Italian 58 Italian 86 
Kenyan 91 Kenyan 116 Kenyan 87 
   
D. E.  
Brazilian 89 Brazilian 116  
Italian 89 Italian 89  
Kenyan 83 Kenyan 58  

 
 
 
 

�
0.8 0.1 0.1
0 0.8 0.1

0.2 0.1 0.8
�
50

�
84
96
81
� ≈ �

89
59

118
� 

 
∴ Option B  

B 
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Question 12  
(2013 Exam 1, Module 1, Qn 8) 
 
The matrix Sn+1 is determined from the matrix Sn using the rule Sn+1 = T Sn – C, where T, S0 and C 
are defined as follows. 
 

 
Given this information, the matrix S2 equals 

 
 
 
 
 
Following the rule: Sn+1 = T Sn – C 
 
𝑆𝑆1 = 𝑇𝑇𝑆𝑆0 − 𝐶𝐶 
 
∴ 𝑆𝑆1 = �0.5 0.6

0.5 0.4� �
100
250� − �20

20� =  �180
130� 

 
𝑆𝑆2 = 𝑇𝑇𝑆𝑆1 − 𝐶𝐶 
 
∴ 𝑆𝑆2 = �0.5 0.6

0.5 0.4� �
180
130� − �20

20� =  �148
122� 

 
∴ Option B 
 

B 


